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1. INTRODUCTION 
It is well known that the Lp norm is an essential tool in the study of 
Fourier series. In letting p + co the Lp norm becomes the essential upper 
bound and Lp behavior formally becomes Lipschitz behavior. It is a 
natural way to generalize results on Fourier series by replacing the power- 
function by more general classes of functions. In this paper we shall focus 
on the application of a class of functions which has been used extensively 
in classical analysis by a number of authors [S, 9, 12, 133. Following the 
notation in [6] we denote this class by Y[a, b] (a < b), which is defined 
as the collection of all positive functions @ defined on (0, co) such that 
@(u)/u” is nondecreasing and @(u)/u” is nonincreasing. The class Y[a, b] 
is known to be equivalent to other class of functions of the “power 
type” such as those introduced by Marcinkiewicz [ 111, Koizumi [lo] , 
Woyczynski [ 151, and the class of R - 0 varying functions [ 141. For the 
details the readers are referred to [4, 6, 71. The author [4] has proved the 
following integral relationship for functions in Y[a, h]: 
THEOREM A. Let a < b. Then a positive function @ defined on (0, co) 
belongs to the class Y[a, b] if and only if @J E L(u,, u2) and 
(a+1)J~~@(t)dt~u,@(~,)-u~@(~~)~(b+1)&D(t)dt for all u,, 
u2 E (0, co) and u, < u2. 
From Theorem A we can deduce asumptotic relationships on partial 
sums (Section 3 below), and as a consequence the class Y[a, b] is an 
appropriate choice for the purpose of establishing generalized Lipschitz 
behavior of Fourier series. In this paper, we shall generalize all the results 
in [S] by replacing the power-function by @E Y[a, b]. 
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2. GENERALIZED LIPSCHITZ CLASSES 
DEFINITION. Let HE Y[y,, ;*?I, where 0~7, <y2< x. and let 
EC (- z, x ). If G is a real-valued function defined on E, we shall define 
(i) GELip0, if sup]G(x-G(,r‘)l=O(0(6)) as 6+0’, and 
(ii) GE/~,(H), if g is uniformly continuous in E and supjG(.u) + 
G(y)-2G((x+y)/2)1 =0(0(S)) as b-+0+, 
where the supremum in (i) and (ii) is taken for all I, J E E and 1.~ - yl ,< 6. 
The classes lip 8 and 2,(d) are defined analogously when the above O’s 
are replaced by 0’s. As a matter of fact, all the results in this paper stated 
with O’s remain true when the O’s are replaced by o’s and vice versa. 
Following the lines in [ 16, p. 441 it is not difficult to prove that: 
THEOREM B. Zf 0~ Y[y,, y2] and O<y, 6y2< 1, then /i,(e)c Lipt),, 
where e1 is defined by l3,( u) = e(u) llog ul. Zf in addition, yz < 1, then 
/i*(0) = Lip 0. 
3. A LEMMA ON PARTIAL SUMS 
In what follows we shall use the same letter K to denote various positive 
constants. 
LEMMA. Let c,>O, @E Y[a,,a,], $E Y[6,,6,]. 
(i) Zf-~<o,<a,<6,<S,<co, then 
w,= f ck= O(@(l/n)) (-+a) 
k=n 
(3.1) 
implies 
k= i @) Ck=o(ll/(n) @(lb)) (n -9 a). (3.2) 
k=l 
(ii) If O<o,<c2<co and -co<S,<6,<co, then (3.2) implies 
(3.1). 
Proofof( Abel’s transformation gives A, = z,“= z (i&k) - Il/(k- 1)) W, 
+11/(l) WI -ti(n) W,,,. From (k/(k- l))%j(k- l)<t+b(k)< (k/(k- 1))62 
$(k- 1) we have - K$(k)/k < $(k) - t,b(k - 1) < K$(k)/k (k = 2, 3, . ..). 
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Hence from (3.1) we have 
d c K$(k)kp’@(l/k) 
k=2 
GKkg2Jkkp, Il/(t)t--‘@(llf)dr 
(since G(u) u ‘@(l/u)/us~  ’ -02 is nondecreasing) 
~K(6,-~,)~‘(~(n)~(lln)-11/(1)~(1)) (by Theorem A) 
= WICl(n) @(l/n)), 
as 6, > cr2. This proves (i). The proof of (ii) is similar. 
4. ASYMPTOTIC PROPERTIES OF~AND g 
In what follows we shall let a, b 0, 6, b 0 (n = 1, 2, . ..). 
f(x) = $q, + C,“= I a, cos nx, g(x) = C,“= 1 b, sin nx be the Fourier series of 
f and g, respectively, and we let 8 E Y[y,, y2]. 
THEOREM 1 (Cosine). Let O<y, <y2 < co. Then 
fELip8 (XE co, xl) 
if and only if 
(4.1) 
f k2ak = 0(n’0( l/n)) 
and 
k=l 
(4.2) 
i ka, sin kx = 0(n0( l/n)) uniformly in x, as n + 00. 
k=l 
Proof We have sin k(x + h) = sin kx - (1 - cos kh) sin kx + cos kx sin I&, 
and when jkhl< 1 we have 1 - cos kh = O(k2h2) and sin kh = kh + O(k3h3). 
Therefore, when 1 > h > 0 we have 
2ak sin k(x + h) sin kh 
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(4.3 1 
If (4.1) is satisfied, then O(~(x)/x’)=x ‘(f(0) -f‘(x)) 
3 c k*a,( 1 - cos kx)/(kx)* 
k=l 
3(1-cos 1)/12 F k’a,, 
k=l 
where the last inequality is due to the fact (1 - cos t)/t2 decreases in (0, 11. 
On putting x = l/n we obtain C;t- =, k*a, = O(n’& l/n)). By Lemma (ii) we 
have C,“=. ak = 0(8( l/n)). Hence it follows from (4.3) that Ck’!J, ka, sin kx 
is uniformly O(hF’8(h)) as h -+O+. 
Conversely, if (4.2) is satisfied, then by Lemma (ii) we have 
I,“= I/h ak = 0(0(h)), and (4.1) follows from (4.3). This proves Theorem 1. 
If the condition on C ka, sin kx is removed from (4.2), then (4.1) has to 
be replaced byfEA,(8). To see this we only need to observe that for all 
x,y~ [0, z], x-y=2h>O we have coskx+cosky-2cosk((x+y)/2)= 
-4 cos k(x -h) sin2(kh/2) and 
If(x)+.f(Y)-2f((x+y)/2)1 
d ,!g, 4a, cos k(x - h) sin*(kh/2) + 4 5 ak 
l/h Jz 
k = Ijh 
6 c a,k*h*+4 1 ak (h+O+), 
k=l k= Ilh 
and that f~ A,(e) implies f(0) -f(x) = 0(0(x)). 
It follows from the Lemma that the condition C;: =, k2ak = O(n*0( l/n)) is 
equivalent to C,“=, ak = O(Q( l/n)) when y2 < 2, which is in turn equivalent 
to xi= i ka, = O(ne( l/n)) when y2 < 1. Together with Theorem B we know 
that the above results cover [ 1, Theorems 3, 41 and the cosine series part 
of [ 1, Theorem 1; 4, Theorem 31. 
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THEOREM 2 (Sine). Let 0 <yl <y2 < 00. Then 
geLiptI (XE(O, nl) (4.4) 
if and only if 
i kb, = O(n& l/n)), as n-co. (4.5) 
k=l 
Proof: Since a Fourier series can be term-wise integrated, if (4.4) is 
satisfied we have C,“= i kP ‘bk( 1 - cos kx) = j; g(t) dt = j; 0(0(t)) dt = 
0(x0(x)) as x+0+. Arguing as in the proof of [l, Theorem l] we obtain 
(4.5). Conversely, if (4.5) is satisfied, by Lemma (ii) we have C,“=, b, = 
O(Q( l/n)) and when 0 <h < 1 we have 
llh 
Ig(x+2h)- g(x)( d 2 1 6, sin kh+ 2 f b, 
This proves Theorem 2. 
k=l k= I/h 
llh 
62h c kb,+2 f b, 
k=l k= Ifh 
= 0(0(h)). 
If yz< 1, conditions (4.4), (4.5) are equivalent to gEn,(B) and 
C,“=, b, = O(f3( l/n)). Hence Theorem 2 covers [ 1, Theorem 21 and the 
sine series part of [ 1, Theorem 1; 4, Theorem 33. 
Applying the Lemma, Theorems 1 and 2, and mimicking the proofs in [ 51 
we can generalize all the results proved in [S] by replacing the powers y 
and CI by 8 E Y[y,, y2]. The following Theorem 3 which is a generalization 
of [S, Theorems 1 and 23 is quoted as an example, while all other details 
are omitted for brevity. 
THEOREM 3. Let 0 < y1 d y2 < co. If j > 1 is an integer, then 
i k2jf ‘b, = O(n20( l/n)) 
k=l 
if and only IY 
g(2j- l)(x) exists everywhere, 
g@"-2'(O) = 0 (2<m<j), 
g(+‘)EA*(e). 
(4.6) 
(4.7) 
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[fin addition, yz < 1, then the condition g”’ ” E ,4 .(fI) in (4.7) is eyuiralmt 
to g’“’ - I) E Lip 8. 
Let c be a real number. XE [0, TI], and let u be either .f’ or ,s. 
,~(kx) = sin kx if u =f and s(kr) = cos kr if II =g. Let I,,=,, i., = o(H( l/n)). 
where i, = uk if u =,f and ir = h, if u = g. The following Theorem 4 is 
concerned with the derivative and symmetric derivative of u and it includes 
[ 1, Theorem 51 as a special case. 
THEOREM 4. Let O<y,dy,<2. Then (u(x + h) - u(x))/h - c= 
o,(f3((hl)/lhl) as h+O tj” and only $’ (u(x+h)-u(x-h))/(2h)-c= 
o,(o,(8(h)lh) as h + O+, and if and only if -xi=, kA,s(kx) - c = 
o,(nQ( l/n)) as n -+ co. 
Theorem 4 can be readily proved by expanding u(x + h)- u(x) and 
U(X+ h) - U(X- h) as in the proof of (4.3). As for the second symmetric 
derivative, it can be proved that (U(X + h) + u(x - h) - 2u(x))/h2 - c = 
o,(f3(h)/h2) is equivalent to -C;=, k21.,c(kx) - c = o,(n28( l/n)) when 
0 < yI < y2 < 4, where c(kx) = cos(kx) if u = f and c(kx) = sin(kx) if u = g. 
For brevity the proof is omitted. 
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